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The  feas ib i l i ty  of app ly ing  n u m e r i c a l  d i f fe ren t i a t ion  methods  to t ab l e s  of  t h e r m o d y n a m i c  
funct ions is d e m o n s t r a t e d  on s e v e r a l  n u m e r i c a l  examples .  

F o r  ana lyz ing  many t h e r m o d y n a m i c  p r o c e s s e s  of a r e a l  gas ,  it is n e c e s s a r y  to ca lcu la t e  the d e r i v a -  
t ives  of  p,  v, T as  well  a s  the  spec i f i c  hea ts  and the ad iaba t ic  exponents .  As a s o u r c e  o f  data  for  s t a r t i n g  
the  ca l cu la t ions  one m a y  use  t ab les  of  t h e r m o d y n a m i c  funct ions ,  which  r e p r e s e n t  the r e l a t ions  v = v(p, T), 
s = s(p,  T),  h = h(p, T), e tc .  As the s t a n d a r d  p r o c e d u r e  for  ca lcu la t ing  the p r o p e r t i e s  of a r e a l  gas ,  which 
would no t  r e q u i r e  a v e r y  qual i f ied p e r s o n ,  one m a y  apply  h e r e  the t echn iques  of  n u m e r i c a l  ana lys i s  and 
thus make  it e a s i e r  to ca l cu la t e  the sa id  p r o p e r t i e s  of  a r e a l  gas .  We will d i s cus s  these  t echniques  on 
spec i f i c  example s ,  with the  d e r i v a t i v e s  r e p r e s e n t e d  in d i m e n s i o n l e s s  f o r m :  in t e r m s  of devia t ion f ac to r s  
[2]. It  has  been shown in [2] tha t  two devia t ion f a c t o r s  involving the pa r t i a l  d e r i v a t i v e s  ( a v / a p )  T and (Ov 
/ 0 T ) p  can be independent  as ,  f o r  example ,  

(OvlOp)r p2 ( 0~ ) _ (Ov/OT) v _ p / Ov \ 

~tT -- (Ov/OP)r, ideal RT  -~p T; itp (Oo/OV)v,ideal IP, f--OT-- ) p" 

All o the r  devia t ion  f a c t o r s  a r e  e x p r e s s i b l e  in t e r m s  of any  of the independent  ones .  

L e t  us ca lcu la te  .up and ~T at  the poin t  p = 600 b a r s  and T = 850~ fo r  n i t rogen  [3]. P a r t i c u l a r l y  c o n -  
venient  fo r  ca lcu la t ing  the pa r t i a l  d e r i v a t i v e s  a r e  f o r m u l a s  appl icable  to equidis tant  po in t s ,  e x p r e s s e d  in 
t e r m s  of  values  of  the funct ions at t hese  poin ts .  The f o r m u l a  for  ca lcu la t ing  .up can,  for  ins tance ,  look  as 
fol lows [1]: 

Po (v__2 - -  8v_1 + 8v I ~ v2). (1) 
~ P -  12R~ 

With  the t e m p e r a t u r e  s t ep  7 = 100~ we find f r o m  [3] tha t  v_ 2 = 0.004178; v_ 1 = 0.004713; v 0 = 9.005241; 
v I = 0.005763; v 2 = 0.006281 m3/kg.  This y ie lds  ,Up = 1.060. 

The  p r o p e r t i e s  of  a r e a l  gas  which involve the de r iva t ive  ( 0 v / 0 p ) T ,  including .UT, can be expedient ly  
d e t e r m i n e d  by d i f fe ren t i a t ing  no t  the spec i f i c  vo lume  but  the  dens i ty  ins tead :  

(Ov/Op) r = - -  v~ (%lOp) v (2) 

s i n c e ,  in a c c o r d a n c e  with the t h e r m a l  equat ion of  s ta te  of  a r ea l  gas  in v i r i a l  f o r m ,  the i s o t h e r m s  a r e  
h y p e r b o l a s  with r e s p e c t  to the spec i f i c  vo lume .  Acco rd ing ly ,  

(p0v0)2 ( 1 8 8 1 ) 
'ur = 12RTo~ , v_---~2- v--~ "+" v 1 v~ " 

With  the p r e s s u r e  s t ep  v = 50 b a r s ,  we find along the T O = 850~ i s o t h e r m :  v_ 2 = 0.006079; v_ 1 = 0.005622; 
v 0 = 0.005241; v 1 = 0.004918; v 2 = 0.004642 m3/kg.  As a r e su l t ,  ~T = 0.997. 
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Next  we can de t e rmine  ~v [2]: 

T / Op ~ = ~t_e_ p = 1,060 = 1.064. 
~ = ~ ~, - 0 - ~ ] ,  ~tr 0.99---~-- 

A di rec t  calculat ion of ~v is compl ica ted ,  inasmuch as i sochores  a r e  not e x p r e s s e d  expl ic i t ly  in 

tab les .  

Other  p r o p e r t i e s  of a r ea l  gas  can be calculated a f t e r  they have been r e p r e s e n t e d  as combinat ions 
of  pa r t i a l  de r iva t ives  (8/Dp) T and (8 /3T)p  or deviation fac to rs .  F o r  example ,  the volume exponent of the 
adiabat ic  p r o c e s s  [2] can be e x p r e s s e d  as 

1 p ( O r )  _ p r ( o v ~  __._T_T ('ov'~ 2 ]  

F o r  the cons idered  point kv = 1.740. 

Knowing kv, one can eas i ly  find the ve loc i ty  of sotmd at  the cons idered  point:  

a = ]/k~pv = 1/1.740. 600. 105. 0.005241 = 739 m/see 

The t e m p e r a t u r e  exponent of  the adiabat ic  p r o c e s s  will be de te rmined  accord ing  to the Rozen f o r -  

mula  [2]: 
-~ Cp 

cp - -  R~ v (4) 

At the cons idered  point ~ = 1.360. 

Fo r  de t e rmin ing  the spec i f i c  heat  Cp, if it is not l i s ted in tab les ,  one may  use  two fo rmulas :  

c v = (OilOT)v = T (OslOT)p. 
Le t  us ca lcula te  ep at the point p = 1000 ba r s  and T = 450~ for  a i r  [3] f rom the values  of enthalpy: 

1 
Cp ---- 12--~(h_~-- 8h_l "+ 8h I --h2) 

1 -- - - ( 4 0 5 , 0  ~ 8.435.4 + 8.495,0 - -  524,4) = 1.1916 kl/kg.deg. 
12 �9 25 

In [3] we find Cp = 1.192 k J / k g -  deg. 

In Table  1 a r e  l i s t ed  the values  of ep for  a i r ,  ca lcula ted  f rom the values of enthalpy (I), entropy (II), 
or  taken f r o m  [3] along the p = 50 ba r s  i sobar  (IID. The d i f fe rences  between the values  of the specif ic  
heat  on the le f t -hand  side in Table  1 indicate a poor  matching between values of  enthalpy,  en t ropy  and 
speci f ic  heat  within this range .  

F o r  de te rmin ing  the spec i f i c  heat  c v one m a y  use the express ion  in [2]: 

co = % -- R~v~.  (5) 

The dif ferent ia l  throt t l Ing effect  is de te rmined  according  to the fo rmula  

h= T ~ v -- (6) 

TABLE 1. Compar i son  between Values of Cp Calcula ted 
f r o m  the Enthalpy,  the Ent ropy ,  and Taken f r o m  Tables  
m [31 

][le r12 I 
No, 140 

I ] 5,5608 
II 7,1806 

III 8,694 

150 

3,3067 
3,3338 
2,721 

p ~ 50 bars, T (~ 
160 170 I 180 

1,8317 1,6083 I 1,4592 
i 

1,8080 1,6065 ] 1,4616 
1,927 1,620 1,457 

I90 

,3600 
,3467 

1,356 

200 

1,2858 
1,2833 
1,288 
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TABLE 2. Values of ep (J /kg .  deg) Calculated along an Isotherm; 
Cp0 = 1187 J /kg .  deg 

Formulas 

- -  T (O*"v/OT~')p. lO s 
Acp 

350 

0,20 
5,2 

1192,2 
1192 

T = 460 ~ K, p (bats) 

375 

0,18 
9,6 

1196,6 
1197 

400 

0,18 
14,9 

1201,9 
1202 

425 

0,14 
19,1 

1206,1 
1206 

459 

0,14 
21,8 

1208.8 
1209 

T A B L E  3. C o m p a r i s o n  be tw e e n  Va lues  of  k T T  and kpp 
C a l c u l a t e d  and Found  b y  G r a p h i c a l  D i f f e r e n t i a t i o n  

t, ~ p, arm } v I P kTr kp) 

200 

200 

200 

100 

200 

300 

400 

500 

100 

200 

300 

400 

500 

100 

200 

300 

400 

500 

Nitrogen [4] 

14,48 

7,637 O, 1309 

5,389 O, 1856 

4,287 0,2333 

3,622 0,2761 

Carbon monoxide [ 5] 

(cmS/molr (g/em~ 
406,3  0,06893 

213,9 O, 1399 

150,7 O, 1858 

119,7 0,2340 

I01,4 0,2763 

Hydrogen [ 6] 

(em3/mo1r (g/liter) 
404:7 4,980 

211,0 9,554 

146,4 13,77 

113,9 17,70 

94,42 21,35 

0,950 
0,9412 
0,895 
0,8925 
0,835 
O, 8245 
0,775 
0,7670 
0,720 
0,7222 

0,951 
0,9505 
0,892 
O, 8924 
0,830 
O, 8308 
0,769 
0,7706 
0,718 
0,7189 

0,958 
0,9626 
0,918 
0,9164 
0,885 
0,8859 
0,855 
0,8575 
0,827 
0,8186 

1,017 
1,02!8 
1,003 
1,0105 
O, 970 
0,9735 
0,923 
0,9238 
0,875 
0,8812 

1,040 
1,040 
1,038 
1,021 
1,014 
1,008 
O, 962 
O, 9600- 
9,908 
0,9095 

O, 9653 
O, 9649 
0,9316 
0,9352 
O, 8996: 
0,8993 
O, 8690 
O, 8697 
O, 8395 
0,8384 

Quantities involving the second derivatives of thermodynamic functions are calculated just as simply, 
for example: 

( ac~ l _ = _ T  ( azv ~ - To 
\ Op /7 \ . -O~jp  12"c (--v_o + 16v_i - -  3Or 0 + 16v 1 - -  vu). (7) 

F r o m  h e r e ,  knowing the  i n i t i a l  v a l u e s  cp(p0) and h(P0), one can  c a l c u l a t e  cp(p) and h(p) t a b l e s  a long  i s o -  
t h e r m s  by  s u c c e s s i v e  n u m e r i c a l  i n t e g r a t i o n  of  the  (8Cp/0p)  T = f(p) t a b l e  thus  ob t a ined .  In T a b l e  2 a r e  
shown t h e  r e s u l t s  of  Cp c a l c u l a t i o n s  a l o n g  a s e g m e n t  of the  T = 450~ i s o t h e r m  for  n i t r o g e n  [3]. A l t h o u g h  
(~Cp /ap )  T does  no t  a p p e a r  m o n o t o n i c ,  e v i d e n t l y  due to e r r o r s  in r o u n d i n g  off the  v a l u e s  of  s p e c i f i c  v o l -  
ume ,  t he  a c c u r a c y  o f  the  Cp c a l c u l a t i o n s  b e c o m e s  s a t i s f a c t o r y  b e c a u s e  of  t he  s m o o t h i n g  e f f ec t  of  i n t e g r a -  
t ion .  

F o r  c l a r i t y ,  a l l  c a l c u l a t i o n s  in th i s  a r t i c l e  w e r e  m a d e  to  one  e x t r a  d e c i m a l  p l a c e  ( i . e . ,  wi thou t  
r o u n d i n g  off  to  t h r e e  d e c i m a l  p l a c e s ,  c o r r e s p o n d i n g  to the  a c c u r a c y  of  the  n u m e r i c a l  d i f f e r e n t i a t i o n ) :  t hus ,  
fo r  e x a m p l e ,  the  s p e c i f i c  h e a t  a t  c o n s t a n t  p r e s s u r e  fo r  a i r  is  h e r e  Cp = 1 o1916 and the  r o u n d e d  off  v a l u e  Cp 
= 1.192 is e x a c t l y  t h e  va lue  t a b u l a t e d  in [3]. F u r t h e r m o r e ,  t he  n u m b e r  1.192 and  s i m i ! a r  n u m b e r s  wi th  
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unity have essentially three decimal places,  like 0.999, inasmuch as the number of significant places in- 
creases  stepwise with higher absolute values, while the relative e r r o r  varies smoothly as the absolute 
rounding off e r r o r  remains constant. This fact is not always considered in constructing tables of thermo- 
dynamic functions (see [3], for  instance). 

It would be interesting to compare the calculated derivatives of p, v, T for a real gas with the r e -  
sults of graphical differentiation (Table 3). The quantities kTT = - ( p / v ) ( ~ v / 3 p )  T and kpp = (T/v)(3v 
/~T)p (second rows in the respective columns) have been found from the values of specific volume and 
density. In [4-6] the deviation of the specific heat from the ideal-gas law 

~--- ~ i d  ~ O = R T / p  ~ v ,  

was differentiated. 

The algorithm of numerical differentiation, which involves interpolating n considered points by 
means of an (n -1) - th -degree  polynomial and subsequently calculating the derivative of this polynomial at 
a given point, suggests a higher accuracy and reliabili ty of these results .  An advantage of numerical dif- 
ferentiation is also the possibility of estimating the e r ro r  incurred by this operation. 

The number of reliable decimal places to which a derivative has been calculated by numerical dif- 
ferentiation is approximately equal to the number of decimal places in the difference between two c o n s e -  
cutive values of specific volume [1]. Thus, if the considered thermodynamic quantity contains an absolute 
e r r o r  A, then increasing the r - s t ep  or the v-stop results in a smaller  relative e r ro r  in the derivative 
= which agrees with the statements in [7] concerning the accuracy of graphical differentiation - inasmuch 
as a la rger  step results in a longer isobar or isotherm segment on which the derivative is sought and this 
is equivalent to a l a rge r  curvature of the given isoline relative to the e r ro r  A. 

A shortcoming of existing tables is that the values have been calculated to not enough significant 
places, with a corresponding low accuracy in the determination of the respective thermodynamic quantity. 
For  instance, thetables  in [8] have been constructed in steps of 1~ temperature and 1 bar pressure .  An 
approximation of the derivative by the half-step difference yields in this case a negligible e r ro r  due to r e -  
placing the tangent by a secant (truncation e r ror ) ,  but the difference v i +1 - v i - 1  is given to two decimal 
places and, consequently, the rounding off e r ro r  is of the order  of 1%. In order  to obtain this difference 
to 3 or 4 decimal places,  it is necessary  to increase the step and this, in turn, makes it necessary  to use 
multipoint formulas of numerical  differentiation because of the now increasing truncation e r ro r .  Tables 
of thermodynamic functions representing the equation of state to 7 or 8 decimal places would have made 
it much simpler to calculate the derivatives of real-gas propert ies .  

P 
T 
v 
P 
s 

h 

/~T, /~p, /~v 
Z 

R 

~ , k v  
ep 
C v  

N O T A T I O N  

is the pressure ;  
is the absolute temperature;  
is the specific volume; 
is the density; 
is the specific entropy; 
is the specific enthalpy; 
are  the deviation factors; 
is the compressibili ty; 
is the universal gas constant; 
a re  the exponents of the adiabatic process;  
is the specific heat at constant pressure ;  
is the specific heat at constant volume; 
is the velocity of sound. 
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